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Asymptotic properties of one-step weighted 
M-estimators and applications to some regression 

problems 
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Summary: We study asymptotic behavior of one-step weighted M-estimators based 
on samples from arrays of not necessarily identically distributed random variables 
and representing explicit approximations to the corresponding consistent weighted M - 
estimators. Sufficient conditions are presented for asymptotic normality of the one- 
step weighted M-estimators under consideration. As a consequence, we consider some 
well-known nonlinear regression models where the procedure mentioned allow us to 
construct explicit asymptotically optimal estimators. 
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1 BBe^eHHe 

1.1. I Ivctt> X ],... , X n — He3aBHcnMt>ie He o6>T3aTejmno o/iunaKOBO pacnpepejieH- 
Ht>ie HabjnofleHHH npoH3BOJiuHOH npHpoflbi, pacnpeyenenuH KOTopnix 3aBHCHT ot HeH3- 
BecTHoro napaMeTpa 0 6 0. Banana coctoht b opemiBamiH stoto napaMeTpa no Ha- 
bjnofleHHHM Xi ,, X n . O^hhm H3 ochobhbix obrpiix MeTopoB nojiy Hernia opeHOK npn- 
hhto cniiTaTB M-opemiBaHHe (cm., HanpiiMep, [1]). OnpepejniM M-opemai 9 n Kan cTa- 
THCTHKH 9 n , KOTOpnie OnpepejieHBI C BepOHTHOCTBIO, CTpeMHipeilCH K 1, H hbjihiotch 
pemeHHHMH ypaBHeHiiii Bppa 

n 

Y , M i { t , X i ) = 0 (1) 

i =1 

pjia HeKOToporo Habopa cJiyHKpHH Mi ( t , x ), i = 1 ,... , n , c ycjioBiieM E Mi ( 9 , Xi ) = 0 
ripn Bcex i . IIopuepKHeM, hto oSbihho cjiyHKpHH { Mi ( t , x )} b toh hjih hhoh CTaTHCTH- 
necKofl nocTaHOBKe BBibHpaioTca TaKHM obpa30M, hto6bi obecneuHTB acejiaeMBie cboh- 
CTBa (b TOM HJIH HHOM CMBICJie OnTIIMajIBHOCTb) COOTBeTCTByrorpeH M-OpeHKH (cm., 

HanpiiMep, [28] , a TaKsce npiiMepni b §3). 

3 aMeHanue 1. Otmctiim, hto pajieKo He Bee kophh ypaBHeHHH (JT|) mojkho 
onpepejiHTB Ha MHoncecTBe BBibopoK acHMnTOTHuecKH nojiHofi Mepui. Tax, HanpiiMep, 
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B03M0>KHa cHTyapna, Korpa KOJinnecTBo KopHeft npn jiio6om n (h paxce b npepejie npn 
n —> oo, cm. |38j ) 6ypeT HeBBipoiKpeHHoii cjiyHaiiHofi Be jihhhhoh, h jihihb ophh ko- 
peHB mojkho onpepejiHTB c BepoaTHocTBio, CTpeMaipefica k 1. Bojiee Toro, bo3mo>khbi 
CHT yapHH, Korpa hcckojibko KopHefi M-ypaBHeHna MoryT 6 bitb onpepejieHBi c BepostT- 
HOCTBIO, CTpeMaipeflCH K 1, HJIH TaKOBBIX KOpHefi HeT, HO C HeHyjieBOH BepOHTHOCTBIO 
ppyrne KopHH MoryT cyipecTBOBaTB (cm. noppoSHOCTH b gw. 

XopOHIO H3BeCTHO, HTO BBIHHCJieHHe M-OpeHOK TTepOpKO CB>T3aiTO C CepBe3HBIMH Tex- 
HHHecKHMii Tpy^HocTHMH (HanpHMep, BBIHHCJieHHe opeHOK MaKCHMajiBHoro npaBpono- 
poGns hjih opeHOK MeTopa HaHMeHBHHix KBappaTOB pjiH 3apan HejiHHeHHOH perpeccnn), 
ocoSeHHo b cjiynae cyipecTBOBaHHH Sojibihoto nncjia KopHefi ypaBHemiH ([]]) . CHTyapna 
cyipecTBeHHo ynpoipaeTCH, ecjin H3BecTHa HeKOTopaa npepBapHTejiBHaa cocTOHTejiB- 
Haa opeHKa 9* n napaMeTpa 9 , npnGjiHJKaioipas napaMeTp c HyxcHoii HaM ckopoctbio 
cxopHMocTH. 0Ka3BiBaeTCH, hto b 3TOM cjiynae pocTaTOHHo jihihb opHoro Hiara MeTOpa 
HnioTOHa, hto6bi b hbhom BHpe nocTpoiiTB opeHKy, oSjiapaioipyio tcmh xce aciiMnTo- 
THHecKiiMH cBOHCTBaMii, KaK h M-opemca. Tax Ha3BiBaeMyio odnomaeoeym M-oyenny 
onpepejiiiM cooTHomeHiieM 

n n 

C = K ~ X A 'i)/X *<), (2) 

l=l l=l 

rpe 9* n (3pecB h pajiee) — HeKOTopan npepBapiiTejiBHaa: cocTOHTejiBHaa: opeHKa na¬ 
paMeTpa 6 , a nepe3 M[{t, X t ) o6o3HaHeHBi npoH3BopHBie stiix cfiyHKpHH no nepBOMy 
apryMeHTy. 

OpeHKa 0** npepcTaBjuieT co6oh opHy HTepapnio MeTopa HwoTOHa c HanajiBHOH 
TOHKOH t = Q* n PJIH ripHSjIHJKeHHOTO BBIHHCJieHHH KOpHH ypaBHemiH (JT]) . B CHJiy co- 
CTOHTejIBHOCTH 0 * 3TOT KOpeHB B IHHpOKHX yCJIOBHHX 6ypeT SjIHJKailHIHM KOpHeM K 9 
(h stot KopeHB, TeM He MeHee, MoxceT He 6 bitb M-opemcoft; cm. |10j . a TaKJKe 3aMe- 
naHHe 0. Otmcthm, hto b jiiiTepaType Ha npoTSDKeHim hcckojibkiix nocjiepHiix pecH- 
THjieTiiH, HamiHaH c pa6oT II. XnioSepa, II. Bincejia, P. Cep(|)jnnira, H. BepaBep6eKe, 
II.-K. CeHa, K. Miojuiep, X. lOpeHKOBoft, ,3,. PynnepTa, P. Ksppojuia h pp. (cm. 6ii 6- 
jiHorpacjniio 3pecB h b m) pjiH o6o3HaHeHHH tbkhx no cyTii deyxmaeoeux opeHOK hc- 
nojiB3yeTcn TepMHH odnomasoeue opeHKH b tom CMBicjie, hto npn HajiHHHH HeKOTopofl 
npedeapumeAbHOU opeHKH (cyipecTBOBaHHe KOTopon 3anacTyio jihihb nocTyjiHpyeTcn) 
HMeHHo 3a odun iuae MeTopa HBioTOHa hjih HeKOTopnix ero MopucfiHKapHH nponcxopHT 
KanecTBeHHoe yjiyHineHHe stoh HanajiBHOH cththcthkh . Cjiepya ycTOHBmeHCH TepMH- 
hojiothh opeHKH TaKoro Tima 6ypeM Ha3BiBaTB odnomaeoeuMU. 

IIpn HeKOTopnix ycjioBHHX peryjinpHOCTH (cm., HanpHMep, |T] h m) pjIH M-OpeHKH 
6 n H3 (CQ h opHOHiaroBOH M-opeHKH 6 1 ** , onpepejieHHofl b (( 2 ]) , hmciot MecTo cxophmocth 

4=(#n-«) =>JV(<U), we 

V -*n V In 

n n (3) 

In ■= M^(9,X i ) > 0 , J n := ^ 0 , 

i= 1 i=l 

a 3anncB BHpa r) n AT(0,1) o3HanaeT cjia6yio cxophmoctb pacnpepejieHHH k cTaH- 
papTHOMy HopMajiBHOMy 3aKOHy (Bciopy npepejiBi, ecjin He oroBopeHo npoTHBHoe, 6e- 




pyrca npn n — > oo). TaKHM o6pa30M, o^HomaroBaa M- opeHKa 0** 0Ka3BiBaeTca aciiMn- 
TOTHnecKH HopMajibHoft c Toil ace acHMiTToTH T iecKOH ^Hcnepciiefi, HTO H M- OpeHKa 9 n . 
IIpii 3tom b (ED cooTHomeHiie fljia #** MoaceT hmbtb MecTo, b to BpeMa Kax M-opeHKa 
9 n He cyrpecTByeT hjih He cocToaTejiBHa (BnepBBie ho^;o6hbih scJx^eKT 6 biji oTMeneH 
Jl.JIe KaMOM j35] b cjiynae o^Hopo^Hofl bbi6opkh, no^poSHocTH h KOMMeHTapini b 
cjiynae He c6a3aTejiBHO o/nniaKOBo pacnpe^ejieHHOH bbi6opkh npiiBefleHBi b m)- 
1.2. IIpeflnojioJKHM Tenepn, hto cf)yHKii,Hii Mj(£, JQ) H3 (HD HMeioT bh^ 


M i (t,X i )=h i (t)M i (t,X i ). (4) 

no^oSHaa 4)aKTopii3an;HH fljia (J)yHKpHH M t (t, X t ) ecTecTBeHHBiM o6pa30M B03HHKaeT b 
H eKOTopnix cTaTHCTHHecKHx 3a,n;aHax. HanpHMep, opeHKa MeTOfla HanMeHBmiix KBafl- 
paTOB b 3aflane HemiHeftHOH perpeccnn ecTB M-opeHKa 9 n , aBjiaroipaaca pemeHHeM 

n 

ypaBHeHHa E fl(t)(Xi - fi(t )) = 0, r^e /*(•) - H3BecTHaa perpeccHomma (j)ynKnpa 

i= 1 

(cm. no,npo6HOCTH h flp. npHMepBi b §3). TeM caMBiM, mohcho nojioaaiTB hi(t) = f[(t ) 

*M i (t,X i ) = X i -f i {t). 

Ecjih cJ^yHKipTH hi(t) ,ri;ocTaTOHHO peryjiapHBie (cKaaceM, yn,OBjieTBopaioT ycjioBino 
TejiB^epa), to b oKpecTHocTi-i hcthhhoto 3HaHemia napaMeTpa 9 cjDyHKHyni Mi(t,Xi) 
BH^;a © h hi(9*)Mi(t, Xi) 6ynyT b H3BecTHOM cMBicjie 6 jih3khmh. 3to no3BOJiaeT Ha- 
fleHTBCH, HTO B OKpeCTHOCTIi HCTHHHOTO 3HaHeHHH napaMeTpa 6y^yT 6JIH3KH KOpHH 9 n 

ypaBHeHHa HD b cjiynae HD h kophh 9 n ypaBHeHHa 

n 

Y,h i (9*)M i (t,X i ) = 0. (5) 

i=l 

Hcnojib3ya oypm mar MeTo^a HnioTOHa c HanajiBHofi tohkoh t = 9* n .zyia npriOjiH- 
>KeHHoro noHCKa cocToaTejiBHoro pemeHHa 9 n ypaBHeHHa (J5D, nojiynaeM cneyiyiomyio 
o^HomaroByio opeHKy fljia napaMeTpa 9: 

n n 

C = On - E h ‘(0’„W,K, X ,)/ V x<). (6) 

i= 1 i= 1 

KopHH 9 n ypaBHeHHa Bii^a (f5D , onpe,n;ejieHHBie c BepoaTHocTBio, cTpeMarpeflca k 1, 6y- 
fleM Ha3BiBaTB 63eemeHHUMU M-ov^ennaMu, a opemai, onpe,n;ejiaeMBie cooTHomemiaMH 
BH^;a dS} — odnomagoeuMU 63eemeHHUMU M-ov^emaMU. 

Otmcthm, hto b cjiynae HD o^HomaroBaa M -opeHKa #** H3 HD HMeeT bh/i, 

n „__ 

EWWftJq) 

/!** /)* (ry\ 

^n n _„ n __ * \' ) 

E h^DM'^x,) + E h'^DM^x,) 

2 — 1 2 — 1 

ripii BBinoaHeHHH HeKOTopnix ycjioBHH peryjiapHocTH 3Ta oyiTomaroBaa M- opeHKa aB- 
aaeTca acHMnTOTHHecKH HopMaaBHoii c aciiMnTOTHHecKOH /prenepcneH, onpefleaaeMoil 



( 8 ) 


cooTHoinem-ieM (cm. © h (IT) ) 

n n 2 

VP = V h>(6)EM?(0, X i)/ ( V Y,)) , 

2—1 2—1 

rpe Mbi ynjiH, hto EMj($, 7Q) = 0. 

B flaHHofi pa6oTe H3ynaioTC5i opHomaroBbie B3BemeHHbie M- opeHKH. BypeT ycTa- 
iiOBjieiio, t ito npii HexoTopbix ycjioBiinx peryjiapHOCTii opHomaroBaa B3BemeHHasi M- 
OpeHKa H3 © HBJIHeTCH aCHMnTOTHHeCKH HOpMajIbHOH C TOH HCe aCHMnTOTHHeCKOH 
piicnepcHeii ((HD, hto h opeHKa 0** H3 O- Otmcthm, hto opHomaroBaa B3BemeHHaa 
M -opeHKa H3 © npoipe, h ee KOHCTpyKpHa He npepnojiaraeT, b OTjiHHHe ot opeH- 
kh 9** H3 (J7|) , pHtj^epempipyeMocTb cfiyHKpHH B HacTHocra, pjia oTMeneHHOH 
Bbime 3apann opHomaroBoro npHUjiHaceHna opeHKH MeTopa HaHMeHbmnx KBappaTOB 
nocjiepHee o3HanaeT MeHbniHe ycnoBHa Ha rjiapKocTb perpeccnomioH (JiyHKpHH fi(9). 
/Ipyrne apryMeHTbi b nojib3y paccMOTpeHiia opHomaroBbix B3BemeHHbix M -opeHOK mh 
ripHBepeM b §3. 

1.3. Hpea opHomaroBoro opeHHBaHHa BnepBbie 6buia npepjioaceHa P. OnmepoM |27| 
b 3apane npiiSjiHHceHHoro noncKa cocToaTejibHbix opeHOK MaKCHMajibHoro npaBpono- 
po6na b cjiynae opHopopHofi BbiSopKii. HccjiepoBaHHe opHomaroBbix opeHOK Oiimepa, 
a TaKHte hx yTOHHemiH h oSoSipemm b cjiynae opiiHaKOBo pacnpepejieHHofi: BbiSopKii 
copepaaiTca b pape MOHorpacbufi: h cTaTefl (cm., HanpHMep, IT], [71, ED, 1311 . |S], H2T1 . 
[22], ED], E2, ED], M H CCbIJIKH TaM ace). 

Bo3MOHCHOCTb HCn0JIb30BaHHH MeTOpOJIOrHH OpHOHiaTOBOrO OpeHHBaHHH B CTaTH- 
cTHHecKHx 3apanax c pa3HopacnpepejieHHbiMH bbi6opohhbimh Ha6jiiopeHHHMH xopomo 
H3BecTHa (cm., HanpHMep, MonorpacjmH [T|, |21j . (32], (33], [28]) h ycneniHO Hcnojib3yeT- 
ca b pa3JiHHHbix cnepHajibHbix cTaTHCTHnecKHx 3apanax (cm., HanpHMep, |23j . |21| . [2], 
(HU] |25] . [22] , [22], (22], (22], [22] H CCbIJIKH TaM ace). IIo-BHpHMOMy, BnepBbie opHorna- 
roBbie opeHKii b cjiynae pa3HopacnpepejieHHbix HaGmopemiH 6buiH npepjioaceHbi b [22] 
pjia 3apann poSacTHoro opemiBaHHa b jnmeHHbix Mopejiax. B paSoTe aBTopa [TO] H3y- 
naeTca aciiMnTOTHHecKoe noBepeHiie opHomaroBbix M-opeHOK oSipero BHpa (c|iyHKpHH, 
onpepejimoipne sth opeHKii, He cBa3aHbi co cnepnajibHOH cTaTiicTHHecKofi 3apaHeii). 
TepMHHOJioriin opHomaroBbix B3BemeHHbix M-opeHOK h B3BemeHHbix M-opeHOK iic- 
nojib30Bajiacb, HanpHMep, b [22] paa cxohciix cTaTHCTHK b cnepnajibHOH o6o6ipeHHoii 
MopejiH jiHHeHHOH perpeccHH, a Taxace nacTirmo b [2] paa opHoii nacTHofl perpeccu- 
ohhoh 3apann. 

Kan npaBiuio, b jiHTepaType nccnepyioTca pBa acneKTa, cBH3aHHbie c opHomaroBbi- 
mh opeHKaMH: c6jinaceHHe opHomaroBbix opeHOK h napaMeTpa (b nacTHocTH, acHMnTo- 
TiinecKaa HopMajibHocTb othx opeHOK), a Taxace cSjniaceHHe opHomaroBon M-opeHKH 
h cocTOHTejibHoii M-opeHKH. Ctoiit oTMeTHTb, hto oSbihho npii H3yneHHH opHomaro- 
bbix opeHOK b KanecTBe npepBapiiTejibHbix opeHOK napaMeTpa paccMaTpimaTOTca \JTi- 
orpaHHneHHbie opeHKH (T.e. opeHKii, ypoBjieTBopmoipnx cooTHomeHHio yT($* — 6) = 
O p ( 1)). HcKjHoneHiie cocTaBjiaioT jihihb MOHorpacjaia [7] h paSoTbi m ED], ed], m- 
TeM He MeHee, 3apann npii6jiHaceHHoro noncKa M-opeHOK B03HHKai0T h b cjiynae, Korpa 
CKopocTb cSjinaceHHH npepBapHTejiBHOH opeHKii h napaMeTpa 0Ka3biBaeTca MepjieHHee, 
neM 0(n -1 / 2 ) (cm., HanpHMep, [9], [I2])- B paSoTe aBTopa [TO] HaftpeHbi ycnoBHa acHMn- 
TOTHnecKOH HopMajibHocTH opHomaroBbix M- opeHOK oSipero BHpa b HiHpoKOM cneKTpe 


orpaHHHeHHH Ha tohhocth npepBapHTejibHofi opeHKH. Bojiee noppoSHbifi 6 ii 6 jiiiorpa- 
(})IT T ieCKHH 0630 P 06 OflHOHiarOBOM OpeHHBaHHH COpepXCHTCH B ra- 

1.4. O GTpyKType paSoTBi. B §2 ripn pocTaTOHHo oSipnx ycjiOBHax (b tom HHCJie h 
Ha TOHHOCTB npepBapHTejIbHOH OpeHKH Q * n ) flOKa3£LHa aCHMnTOTHHeCKaa HOpMajIBHOCTB 
OpHOHiaTOBblX B3BemeHHBIX M- OpeHOK. IIoCTpoeHBI OpeHKH pjIH aCHMnTOTHHeCKOH pHC- 
nepcHH opHomaroBbix B3BemeHHBix M- opeHOK h poKa3aHa cxo^hmoctb k cTappapTHo- 
My HopMajibHOMy 3aKOHy norpemHocTefi opeHHBaHHH npn 3aMeHe acHMnTOTHHecKHx 
pucnepcHH hx opeHKaMH, hto MoxceT 6biTb nojie3HbiM npn nocTpoeHHii poBepiiTejibHbix 
HHTepBajioB h pjia npoBepKH cTaTHCTHHecKiix THnoTe3. I IpoBepena npopepypa onra- 
MH3aH,HH (J)yHKH,HH { /ij (•)}, yHaCTByiOipHX B nOCTpOOHHH OpHOHiaTOBblX B3BeHieHHbIX 
M- opeHOK (a TaKxce B3BemeHHbix M-opeHOK). 

B pajibHefimeM chmboji «Tiijibpa» y cjiyHKpHH Mi(t, X t ) b onpepejieHHH ([ 6 ]) opHorna- 
roBbix B3BemeHHbix M-opeHOK mbi 6 ypeM onycxaTb, Tax hto c[)opMajibHo opHomaroBbie 
B3BemeHHbie M-opeHKii mojkho paccMaTpHBaTb KaK HexoTopbie o 6 o 6 ipeHHH KjiaccHne- 
ckhx opTTomaroBbix M-opeHOK fl2}. B pa3pejie 2.3 b KanecTBe cjiepcTBHH npHBepeHbi 
yCJIOBHH aCHMnTOTHHeCKOH HOpMajIbHOCTH OpHOHiaTOBblX M-OpeHOK. IIpHBepeHHbie pe- 
3yjibTaTbi b cjiynae opHopopHofi: BbiSopKii o 6 o 6 ipaioT h yTBepncpeHHH H3 m. 0,0 H 
[13] 06 aCHMnTOTHHeCKOH HOpMajIbHOCTH OpeHOK OlIHiepa H OpHOHiaTOBblX M-opeHOK, 
nocTpoeHHbix no BbiSopKe opHHaKOBo pacnpepejieHHbix HaSmopeHiiH (cm. noppoSHocra 

b png h pro]). 

§3 pejniKOM nocBHipeH perpeccHOHHbiM npHjiOHceHHHM. Ham HHTepec k opHoma- 
roBOMy opeHHBaHHio b cjiynae pa3HopacnpepejieHHbix HaGjiropeHHH b nepByio onepepb 
CBH3aH c B03Mo>KTiocTbTo '-)(j)(})( j KTHBnoro npHMeHeHHH 3 thx npopepyp b pa3JIHHHbIX 3a- 
panax onTiiMajibHoro opeHHBaHHH napaMeTpoB b Mopejmx HejiHHeHHofi perpeccHH. B 
nacTHocTii, npn HajiHHHH HeKOTopofi hbhoh npepBapHTejibHofi opeHKH napaMeTpa op- 
HomaroBbie opeHKH no3BojiiHOT HaxopHTb HBHbie acHMnTOTHHecKH onTHMajibHbie opeH¬ 
KH Heii3BecTHoro napaMeTpa b reTepocKepacTHHecKiix Mopejmx HejiimeiiHOH perpeccHH. 
npepjiaraeMan npopepypa opeHiiBamiH njunocTpiipyeTCH HecKOJibKHMii npiiMepaMii H3- 
BecTHbix 3apan HejiiiHermoH perpeccHH. 

HoKasaTejTbCTBa Bcex yTBepxcpeHHH oTHeceHbi b §4. 


2 OcHOBHbie pe3yjibTaTbi. 

2.1. B 3tom pa3pejie 6ypyT nojiyHeHbi ycjioBHH aCHMnTOTHHeCKOH HOpMajIbHOCTH 
opHomaroBbix B3BemeHHbix M-opeHOK. 

HaM noTpeSyioTcn cjiepyroipiie npepnojiojKeHHH. 

(Ri). Ha 6 jnopaeTCH BbiSopna oSneMa n, cocTompan H 3 He 3 aBHCHMbix sjieMeHTOB X\, 
X 2 ,..., X n co 3 HaneHHHMH b npoH 3 BojibHOM H 3 MepHMOM npocTpaHCTBe X h pacnpepe- 
JieHHHMH C\, C 2 , 1 Cm 3aBHCHHI,HMH OT HHTepecyiOiperO Hac OCHOBHOTO HeH3BeCTHOTO 

napaMeTpa 6 e 0 C M, rpe 0 — oTKpniToe mhohccctbo. KpoMe toto, sth pacnpepe- 
jieHHH 3aBHCHT, BooSipe roBopn, ot n. h, bo3mo>kho, 3aBHCHT Taioxe ot HeKOTopbix 
MemaioipHX napaMeTpoB npoii3BOjibHOH npripopbi. 

(R 2 ). Ha MHOJKecTBe 0 npn jho6om i 3apaHbi 3aBHC5npiie, BooSipe roBopn, ot n 
4)yHKpiiH Mi(t,Xi ) h M-(t,Xi), npn stom pjia Kancporo HHTepBajia pe- 


jihkom jieacamero b 0, c BepoaTHocTBio 1 HMeeT MecTo paBeHCTBo 


Mi(t 2 , Xi) - Xi) = / M[(t, Xi)dt V(h,t 2 ) C 0, 


cnpaBe^jiHBBi cooTHomeHHs 

E Mi(e,Xi) = 0 , E Mf(9,Xi) < oo, E| M[{0,Xi)\ < oo, ( 10 ) 

a (J)yHKii;HH hi(-) ynpBjieTBopsioT ycjioBiuo Iejnyjepa c noKa 3 aTejieM p e ( 0 , 1 ]: 

\hi(ti) - hi(t 2 )\ < hi\ti - t 2 \ p \/t 1 ,t 2 e<~>. (11) 

(R 3 ). Hauimaa c HeKOToporo n 

n n 

In, h ■= Y ^(^)EM?(0, X,) > 0, J n>h := ]T hi(9)EM'(9, X t ) ± 0 (12) 

2=1 2=1 

H HMeiOT MeCTO CXOflHMOCTH: \J n ,h\/\/ln,h OO, 

n n 

Yhi(o)M'{ 9 ,Xi)/j n , h 4 1 , Y h i(°) M i( 0 , x i)/VY~ h ^^(o,i). ( 13 ) 

2=1 2=1 

IIojiojkhm T t (S) := E Ti(S,Xi), r^;e 

( sup I M[{t, Xi) — M-(9, Xi) I, ecjiu [9 — 6,9 + 5] c 0, 
n(S,Xi):= {t:\t-e\<s ( 14 ) 


00 , HHaue. 


(R 4 ). IlMeeT MecTo cxo^hmoctb 


limlimsup^ {\hi( 9 )\ + S p hi)Ti(S)/\J nih \ = 0 . 

*"0 22—^OO , 

2=1 

(R 5 ). OpeHKa 9* TaxoBa, uto 

n 

k - «i E ( s <re - 9 \ r +1 h,m)Ti(K - #1 )/yzy 4 0, (is> 

2=1 

n 

\9*-9\ P Yhi E \ M 'MX i )\/\J n>h \ 4o. (16) 

2=1 

06o3HauuM uepe3 (R) rpynny ycjioBuu, xoTopaa BxjuouaeT b ce6a npe^nojiOKeHua 
(i?i),..., ( R5 ). OnHomaroBBie B3BemeHHBie M-opeHxu onpe^ejiuM cooTHomemieM 


= K - E h .K)M t (0 A :,)/E hiK)M[(0. r„ A',). 


HMeeT MecTo 



TeopeMa 1. Ftycmb eunojmeno npednoAOCHceuue (R) u ycjioeue 


ij := (hiK) - h0))M0, X,)/^ A 0. (18) 

i= 1 

Tozda odnomazoean 63eemeHHasi M-oyenm &** M h onpedeAena c eeposrniHocm'bw, cmpe- 
MAipeUCtt k 1, u 

=s-JV( 0 , 1 ). ( 19 ) 

V J ra,h 

3 aMeHaHue 2 . ,H,ocTaTOHHBie ycjioBiia fljia BBinojiHeHHH cooTHomeHHH fjl 3 ]l . hb- 
ji 5 hoiii,hxch BapnaHTaMH 3 aKOHa 6 ojibiuiix HHcen h peHTpajiBHoii npe^ejiBHofi TeopeMBi 
b cxeMe cepHH, xopomo H3BecTHBi (cm., HanpHMep, [T]). ,H,jih cnpaBe^jiHBocTH (R 4 ) h 
(R 5) ^ocTaTOHHo, hto6bi HMejiH MecTo cjie^yromiie ycjioBHs: 

- Mi(e,Xi)\ <W i \t^9\ q npn q e (0,1], nW(^0)4o, 

l/I n ,h + l/\J n ,h\=0(l/n), wvilhiWlhi, E 'Ml ~Ei\M[(Q, Xj)\} < 00 , p > 0. (20) 

n,i 

3aMeHanue 3. 06 cyn,HM no^poSHo ycjioBHe (1T8T) , HcnojiB3yeMoe b TeopeMe [0 
Ecjih cJoyHKipiH hi(t) flocTaTOHHo rjia^KHe, hto6bi npn bbibo^c (1T81) BocnojiB 30 BaTBCH 
cf)opMyjioH Tefijiopa, to He Tpyzpio nojiyniiTB npocTBie ^ocTaTOHHBie ycjioBHH fljia (fT8l) . 
B cjiynae oxe, xor,n,a (JiyHxpHH hi(t) ynpBjieTBopaioT jihhib ycjioBHio TejiB^epa, ,n,oxa- 
3aTejiBCTBo (fTSp npepcTaBHHCT HexoTopyio TexHHHecKyio TpyzpiocTB. IIpHBefleM ji b a 
yTBepjK^eHHH, coiiepoxamHe nocTaTOHHBie ycjioBHH fljia BBinojiHeHHH (IIS]) . B npeiyio- 
xceHHHx |T] h [2] cHHTaeM, hto BBinojiHeHo ycjioBHe (i?i), nepBBie nBa cooTHomeraa b 
ca h nepBoe ycjioBHe b ©• Be3 orpaHHHeHHH o6ih;hocth 6yn,eM Taxnce cHHTaTB, hto 
(})Vhkhhh hi(t) npofloJiJKeHBi Hal c BBinojiHemieM ycjioBHH Tejib^epa (ITU Ha Been 
HHCJIOBOH npHMOii. 

H 3 TeopeMBi 3 b m HeTpy^HO H3BJieHB 
IJpedAocHceHue 1 . ITycmi> oyeuna 9* n uMeem cjiedyunyyK) cmpynmypy 

n n 

0: = x •) / ( x + E v *( e > x *)) > ( 21 ) 

i= 1 2=1 


npu amoM Eu n i(9,Xi) = RiV ni ( 9 , Xj) = 0, Eu^(0, A^) < 00, , X t ) < 00 u 

n n 

d n + Y^ Ev ni(6, x i) 0 n P u d l : = Y Eu nii d i X *)> 

1=1 2—1 

d " (E ( E i EM '(»> X,)) 1/>2 ^’) / In,H -> 0. 


( 22 ) 


Tozda UMeem. Mecmo (HID. 






IIoflHepKHeM, hto bo Bcex npHMepax §3 opemai 9* HMeioT CTpyKTypy f|2ip . OTMe- 
thm erpe, hto /yin cnpaBefljiHBOCTH peHTpajit-Horo ycjioBira (1221) pocTaTOHHo, hto6bi 
BB inOJIHHJIHCB COCTHQIIieHHH 

n (i/p-i)/ 2 dn ^ o, l/I Hj h — 0(l/n), sup{^, EM?(e,Xi)}<oo. (23) 

n,i 

B nacTHocTH, nepBoe ycjioBHe b (1231) BBinojiHeHo b cjiepyroipnx Tpex cjiynanx: 

\fnd n = 0(1) h p > 1/2, rd' 4 d n — y 0 n p > 2/3, d n —> 0 h p — 1. 


B cjiynae, Korpa HMeeT ppoSHO-jiHHenHyio CTpyKTypy, pocTaTOHHBie ycjioBHH pjia 
(1T81) mojkho nojiynaTB h b TepMiiHax cGjnoKeHHH 9* n h 0 no BeponTHOCTH (T.e. b TepMH- 
Hax ycjioBnn 7i( 1 /p -1 )/ 2 ((9* - 0) 4 0) (cm. noppoSHocTii b |12|) . 

06o3HannM nepe3 E^j ycjioBHoe MaTeMaranecKoe oncnpamie, B3HToe npn ycjiOBHH, 
hto npn Bcex j 4 1 cjuiKciipoBaHBi 3HaneHHn Xj, j — 1,..., n. B cjiepyioipeM npepjiooKe- 
hhh pocTaTonHBie ycjiOBHs pjis (1TBD He copepncaT npepnojiooKeHHH o ppoSHo-jiiiHenHon 
CTpyKType 0*. 

npedjioatceHue2. Ecau E|$* | 2 < oo u 


(m -*ITE y/y -*■ 

2=1 

n 

£5<( E K - E 7H e;| 2 ) !,/2 (EAy(9,A' i )) 1/2 / v / 7P 0, 

2=1 

mo UMeem Mecmo m 
EIOJIOJKHM 


n 

d- n ,M, h = y k (»;)M'(C, X,) / (V y *<) 


n 


2=1 


2=1 


1/2 


(24) 

(25) 
□ 


(26) 


Cnepyioipee yTBepoKpemie mookct 6bitb nojie3HBiM ripn nocTpoemm poBepiiTejiBHBix 
HHTepBajiOB h npoBepne rnnoTe3, nocKOJiBKy MHOOKiiTejiB d* n M h , HopMupyroipiiH pa3- 
HOCTB 9** m h — 9, HBJineTCH CTaTIiCTHKOH. 

TeopeMa 2. Ecau eunoAnenu ycAoeun meopcMU [T] u 


e humne.xd 

2=1 


n _ 9 

E(A. +ft?(#))[M'(«,A '.)] 2 

2=1 

J n,h 


4o, 


n _ 9 

£h l M?{0,X i ) 


j2p t 1 -p 

^ n,h 1 n,h 


4o, 

(27) 


mo cm.am.ucmuKa <i* M h onpedeAena c eepoAirmocmbio, cmpeMAu^eucA k 1 u 






^onojiHHTejibHbie ycjioBHH b TeopeMe[2]He hbjihiotch: orpaHHHHTejibHbiMH, nocKOJib- 
Ky nepBan cxopiiMOCTb b (EZD — 3to BapnaHT 3aKOHa Sojibinux nuceji, a pjiH cnpaBepjiH- 
bocth pByx ppyrnx cxopHMocTeii H3 (1271) pocTaTOHHo, hto6bi BMecTe c nepBbiM cootho- 
meHHeM b (1201) BbinojiHsuiocb ycjioBiie sup{|/ii(#)|, A , E \M-(9, Xi )|, E Mf(6, A 7 "*)} < oo. 

n,i 

2.2. PaccMOTpiiM Tenepb Bonpoc onTHMH3an,HH cjiyHKpHH h t (•), HanpnMyio cBH3aH- 
HblH C MHHHMH3ai];HeH aCHMTTTOTHHeCKOH pHCnepCHH I n ,h/Jnh' 


n P e,pjio}KeHHe3. Tlycmb ,J n ,h = X) Aj) 7^ 0 uauunan c 

1=1 

neKomopozo n. B omoM CAyuae onpedeAena eeAuuuna I n ,h/ J 2 h u 

. 2 \ - 1 


In,h ^ In,h° _ 


/ 2 


/2 

J n,h° 


E 


(EM'fO.A'i))' 


717 m /i°($) = 


e Mf(e,XiY 


7 EMi>(#,A'i) 

En/iw donoAHumeAbHo sign hi{9) = sign/i°($), mo cnpaeedAueo Hepaeencmeo: 

In, h /J 2 n ' ^ ^ 


1 < 


In,h° / J n) h° “2y/H / h V h 


(29) 


(30) 


h \= min hA9)/h°A9)> 0, H max hA9)/h 0 A9)< 00 . (31) 

(i: EM'^XP^O} W/ {i: EM'(0,Xi)^O} W/ 

HepaBeHCTBO (130|) mojkho HHTepnpeTnpoBaTb Kan HexoTopoe cbohctbo ycToiimi- 
bocth opeHox c acxiMnToTiinecxoii piicnepcHeft I n ^.jJ 2 h KaK c|3y HKI l HOHajIOB ) 3aBii- 
cmpiix ot HaSopa cjiyHxpHii {A( - )} : *ieM Jiynme hi(8) npnSjiiDxaioT onTHMajibHbie 
h°(9), TeM MeHbme acHMnTOTin-iecxan pncnepcnn Ay,,/,/ 2 h oTjnmaeTCH ot onTHMajiBHon 
I n ,h°/ J 2 h°- P aH ee aHajior HepaBeHCTBa (130|) pjis acHMnTOTimecKHx pncnepcnn cnepn- 
ajibHoro BHpa 6bui nonynen b |17| h [16] . 

HepaBeHCTBO (1301) no3BojiHeT cpejiaTb HexoTopbie peKOMeHpapmi no BbiSopy cjpyHx- 
pnft /ij(-), ynacTByroipiix b onpepejieHHH opeHxn Ecjih onTHMajibHbie (JiyHxpHH 

h°(-) HaM H3BecTHBi (cm., HanpHMep, §3), to b xanecTBe A(-) pa3yMHo b3htb onTHMajib¬ 
Hbie cjiyHKpHH, T.e. nojioxcHTb hi(-) = h°(-). Ho earn, cxaxceM, onTHMajibHbie cjiyHxpiiH 
h°(-) He ypoBjieTBopmoT ycjiOBHHM TeopeMbid] to mojkho Hcnojib30BaTb cjiyHxpiiH h°(-), 
nojiyneHHbie b pe3yjibraTe cooTBeTCTByioipero crjiaxcHBaHHH cjiyHxpHH //(■). KpoMe 
toto, nocKOJibKy pacnpepejieHHH {C{\ MoryT 3aBHceTb ot HexoTopbix MemaioipHx na- 
paMeTpoB, to onTHMajibHbie cjiyHxpHH h°(-) MoryT 6biTb He H3BecTHbi (cm., Hanpn- 
Mep, 3aMenaHHe [7]) . B stom cjiynae mojkho peKOMeHpoBaTb ncnojib30BaTb HexoTopbie 

cjiyHK TT HH h°(-), KOTOpbie flOJDXHbl, n0-B03M0)KH0CTH, “He OHeHb CHJIbHO OTJIHHaTbC5l” OT 
HeH3BecTHbix (JiyHKpHH //(•). npH 3 tom cooTHomeHHe (1301) rapaHTiipyeT, hto acHMnro- 
THnecKaH pncnepcHH 7 n ^ 0 /J 2 ~ opHomaroBon B3BemeHHoii M-opeHKH 6ypeT “He oneHb 

CHJIbHO OTJHIHaTbCH” OT OnTIIMajIbHOH aCHMOTOTHHeCKOH pHCnepCIIH I n ,h° / A'n h°' 

Pa3yMeeTcn, npiiBepeHHbie 3pecb cooSpanceHiia: no BbiSopy cfiyHKTpiii hA;) b nojiHoii 
Mepe othochtch h k BbiSopy 3 thx cJiyHKTpTH npn nocTpoeHHii M-opeHOK b cjiynae (j3J) 
11 B3BemeHHbix M-opeHox. 










2.3. B KtriecTBe cjiepcTBus H3 TeopeMti [Tj mojkho nojiyuiiTB ycjiOBua acHMirroTHue- 
CKoil HopMajiBHocTii prrs opHoinaroBBix M- opeHOK (j2D • Hto6bi npiiBecTii cooTBeTCTBy- 
loipee yTBepxynpHne, HaM noTpeSyeTcu aHajior ycjioBua (R) npu hi(t) = 1 u = 0. 

06o3HauuM uepe3 ( R ~) rpynny ycjioBuu, BKjiiouaiomyio b c e6a ycjiOBHe (Ri), ycno- 
bh 2 (jUJ) h (flop H3 (R 2 ) h npuBopuMBie pajiee ycjioBim (R^)-(R^). 

n n 

(Rg ). Hauimaa: c HeKOToporo n I n := X EM?(0, A 7 *) > 0, J n := X EM'(0, X t ) ^ 0 

2=1 

H HMeiOT MeCTO cxo^hmocth: 

n 

I Jn | / \/A -> oo, E M'(0,AO/J„ Ai, 

2—1 

(Rj). HMeeT MecTo coothoittchit e limlimsup > fi{S)/\J n \ = 0. 

<5^0 n—>oo r~f 
2=1 

n _ 

(Rg). OpeHKa 9* TaxoBa, uto |6>* - 9\ X Tj(|0* - 9\)/^/R A 0. 

2=1 

H 3 TeopeMBi H] HeTpy^Ho H3Bjieub 

CjiepcTBue 1. IJycmt) eunoAneno npednoAocHcenue (R~)- Tosda odnoiuaeoeaA M- 
oyema (J2]) onpedejiena c eeponmnocmbn), cm.peMMpeucA k 1, u 

A(C-») =>./V(o,i). 

V 

n n 

Ecau donoAHumeAbuo X Mf($, Xi)/I n A 1 u A)] 2 /A A 0, mo 

2=1 2=1 


2=1 


A( 0,1). 

2=1 


A (A> - 0) =>• A/"(0,1) npu d* ri 


n n jy 2 


3aMenaHue 4. YcjiOBHe (R 5 ) h ero uacTHBiu cjiyuaft (Rjr) ubjiuiotcu HeKOTopBi- 
MH yHHBepcajIBHBIMI-I OrpaHHUeHHHMH, CB5I3BIBaK)iri;HMH rjia^KOCTB (JjyHKpHH, onpepe- 
jiaioipHx opHoinaroByio opemcy, co ckopoctbio cSjuDKemia: npepBapuTejiBHou opemcn 
#* h napaMeTpa 6, KOTopBie Hyxomi pjia acHMnTOTHuecKou HopMajiBHocra opHomaro- 
BBIX OpeHOK. n P H 3TOM TOUHOCTB npepBapHTejIBHOH OpeHKH 9* H BJiapKOCTB C^yHKpHH 
Xi)} oSpaTHO nponoppuoHajiBHBi ppyr ppyry: ueM Memme touhoctb, tcm 6ojib- 
me poji>KHa 6 bitb rjiapKocTB (cm. TaK*;e 3aMeuamie ED. 

HanpiiMep, pjis BBinojiHeHua (R 5 ) poeraTOUHO, uto6bi c^yHKpHii Xi)} h 

opeHKa 9* n opHOBpeMeHHO ypoBueTBopujiu opHOMy H3 cjiepyroipux pByx ycjioBiift: 


lim sup 

n^f-oo 


E a A) 

2=1 

An 


o(6 a ) npu 5 -)• 0, 


Jn 


VJi 


l/(l+a) 


K 


-9\ = O p (l), 


lim sup 

n—>oo 


EaA) 

2=1 

An I 


0(5 a ) npu 5 —> 0, 


Jn 


VR 


!/(!+«), 

K 


- 0 1 Ao, 


0 < a < 1 ; 


0 < a < 1 . 







B nacTHocTH, b /ibvx Kpafimix cjiyHaax nojiynaeM cnepyionpie orpaHHHeHHH Ha toh- 
hoctb 0*: H =\#* — 9\ = O p ( 1) npn a — Oh \ 9* — 9\ A 0 npn a = 1. TaKHM 

V n _ In 

o6pa30M, ecjiH \J n \/\Hn ~ y/n, to yKa3aHHBie orpaHHHeHHH Ha tohhoctb 9* n ecTB jih6o 
npepnojioxceHHe o y / n-orpaHHHeHHocTH, jih6o o6 n 1//4 -cocTOHTejiBHocTH npepBapiiTejiB- 
hoh opeHKH. OTMeTHM eipe, hto pjis opHomaroBoro npiiMeHeHHH H3yHaeMBix opeHOK 
npn mnpoKHx orpaHHHeHHHx ycjioBHe ^ Jn 4/4 [6 1 * — 9 1 4 0 6jih3ko k mhhhm ajibHOMy 

flOCTaTOHHOMy yCJIOBHIO Ha TOHHOCTB npepBapHTejIBHOH OpeHKH (3TOT (J)aKT pOKa3aH 
■ I). TaKHM o6pa30M, acHMnTOTHHecKaa HopMajibHocTB opHomaroBBix opeHOK ycTa- 
HOBjieHa b pocTaTOHHo miipoKOM cneKTpe orpaHHHeHHH Ha tohhoctb npepBapiiTejiBHOH 
OpeHKH 9* n . □ 

3aMeHanue 5. Otmcthm, hto nojiyneHHBie b pa6oTe ycjiobhh acHMnTOTHHecKofi 
HOpMajXBHOCTH OpHOHiaTOBBIX M-OpeHOK He rapaHTHpyiOT He TOJIBKO COCTOHTejIBHOCTB 
cooTBeTCTByromefl M-opeHKH, ho h paxce ee cyipecTBOBamie. /Jejio b tom, hto npn 
HeKOTopnix jioKajiBHBix h BecBMa cjiaSbix orpaHHHeHHHx (He rapaHTiipyronpix pance 
CymeCTBOBaHHe M-OpeHKH ) B OKpeCTHOCTH 9 C BepOHTHOCTBK), CTpeMHHI,eHCH K 1, cy- 
ipecTByeT h epHHCTBeHeH KopeHB 9 n {9) ypaBHeHHH (JT|) — GjiHacafimHH k 9 KopeHB stoto 
ypaBHeHHH, oSjiapaioipHH TpeSyeMofi tohhoctbio. YKa3aHHyio cjiynanHyio BejiHHHHy 
9 n (9), 3aBHCHipyio ot 6 h He HBjunoipyiocH CTaTHCTHKofi, h npnSjHDKaioT opHomaro- 
BBie M-opeHKH (noppoSHee oSHHCHemiH oTMeneHHOMy scj^eKTy, a TaKJKe 6ii6jiHorpa- 
c|)HHecKHe ccbijikh, npHBepeHBi b mg). AHajiorHHHoe 3aMenaHHe HMeeT MecTo h pjis 
opHomaroBBix B3BemeHHBix M-opeHOK. 

3 IIpHJio^ceHHii k 3a^aMaM perpeccnn 

PaccMOTpiiM HeKOTopBie cTaTiicTHHecKiie npHjioHceHHH nojiyHeHHBix 3pecB pe3yjiB- 
TaTOB. OTMeTHM, HTO pa3JIHHHBie npiiMepBI CTaTHCTIIHeCKHX 3apaH, B KOTOpBIX B03HH- 
KaeT M-opeHHBaHHe b cjiynae pa3HopacnpepejieHHoii bbi6opkh b cxeMe cepinl (h, KaK 
cjiepcTBiie, 3anacTyio B03HHKaeT h HeoSxopiiMocTB b npiiMeHemiH opHomaroBBix npo- 
pepyp) mojkho HafiTH, HanpHMep, b MOHorpac[)HHx [T], (28], |21j . [32], [33]. 3pecB mbi 
npHBepeM hcckojibko npHMepoB, othochiphxch k opemiBaHHio b KjiaccHHecKHx 3apanax 
KaK roMocKepacTHHecKOH, TaK h reTepocKepacTHHecKofl HejiHHefiHOH perpeccHH. 

3.1. IlycTB HaSjuopeHHH X t npepcTaBHMBi b Bnpe 

X i = f i (9) + £ i ripn /;(■) = /(■ ,<!<), i = l,...,n, (32) 

rpe /(-,-) — H3BecTHaH c[)yHKpHH, npn Bcex i 3HaneHHe (cKajiapHoro hjih BeKTopHO- 
ro) apryMeHTa a* H3BecTHo, norpeniHocTH — nocjiepoBaTejiBHocTB He3aBHCHMBix 
cjiynaHHBix BejiHHHH c HyjieBBiMH cpepHHMH, a ycjioBHe roMocKepacTHHHocTH o3Hana- 
eT, hto D£j = cr 2 npn Bcex i (b npoTHBHOM cjiynae roBopaT o reTepocKepacTHHHocTH 
Mopejin). 

OpHH H3 ochobhbix MeTopoB HaxojKpeHHH opeHKH napaMeTpa 9 b 3toh 3apane - 
MeTOp HaHMeHBHIHX KBappaTOB (MHK) — COCTOIIT B MHHHMH3apHH CyMMBI KBappaTOB 

~ n 2 

ohih6ok {£i}, T.e. MHK-opemca ecTB 9 n = argmin^) [X l — /*(0)) . Ilpn HeKOTopBix 

6 i=i 




ycjiOBirax peryjiapHOCTH OTBicxaHHe MIIK-opeiiKii cbophtch k peinemiio ypaBHemiH 

n 

E/iW(A'i-/,(i))=0 (33) 

2=1 

Ecjih cjoyHKipTJi fi(6) jiHHefiHa no 9, to MHK-opeHxa cniiTaeTcn b hbhom BHpe n 06 - 
jiapaeT pnpoM onTHMajiBHBix cbohctb: hbjihctch Hanjiynmen jinHenHon HecMeipeHHoii 
opeHKon, a b cnynae HopMajiBHo pacnpepejieHHBix oihh 6 ok — Hanjiynmen n b Kjiacce 
Bcex HecMein;eHHBix opeHOK (cm., HanpnMep, [3], [5], |18|). 

Ecjih nee 3aBiiciiMocTB HaGjnopeHnn ot napaMeTpa HejiiiHeiman, to ypaBHemie ([33]) . 
Kan npaBiuio, He MonceT 6 bitb pemeHo aHajinTnnecKn. Bojiee toto, cBoncTBa jniHeii- 
hbix MIIK-openoK He nepeHOCHTCH aBTOMaTnnecKii Ha HejniHeHHBiH cjiynan: b oSipeM 
cjiynae, HejiiiHeiiHBie MHK-opeHKii MoryT He cyrpecTBOBaTB hjih He 6 bitb coctohtcjib- 
hbimh (cm., HanpnMep, [3]). TeM He MeHee, npn BBinojiHemiii HexoTopBix ycjiOBiiii pery- 
jinpHocTH, HejiiiHenHBie MHK-opeHKii Bee nee oSjiapaioT hckotopbimh onTHMajiBHBiMii 
cBoncTBaMH no-KpafiHeH Mepe b acnMnTOTiiKe. OSocHOBamieM tohhocth HejiHHeimoro 
MHK b cjiynae, xorpa ohih 6 kh HMeioT HopMajiBHoe pacnpepejiemie, MoxceT cjiyxcnTB 
coBnapemie b otom cjiynae MHK-opeHOK n opeHOK MeTopa MaKciiMajiBHoro npaBpo- 
nopoSiiH. IIoppoGnyio SnOjinorpacJiHio nySjniKapHH, cBH3aHHBix c H3yneHneM cboiictb 
H ejiiiHeiiHBix MHK-opeHOK, mookho HaiiTii, HanpnMep, b [39]. Otmcthm, hto npn Hexo- 
Topnix ycjioBHux perynnpHocTH acHMirTOTHnecKair pncnepcun MHK-opeHKii ecTB 

n 

WE < 34 > 

i— 1 

TaxiiM o6pa30M, b HejinHenHOM MHK rjiaBHan npoSjieMa xacaeTcn BBinncjinTejiB- 
hoh CTopoHBi: Kax OTBicxaTB opeHKy 9 n , onpepejmeMyio ypaBHeHiieM (1331) . n hbjihio- 
ipyiocH tohkoh rjioSajiBHoro MiiHHMyMa cooTBeTCTByroipeii cjiyHKpHii. CyipecTByeT pap 
npnSjiiDKeHHBix nucjieHHBix MeTopoB pemeHHn otoh 3apann n BBi 6 op toto hjih iihoto 
M eTopa 3aBiiciiT ot mhothx (JiaKTopoB, b tom niicjie ot Biipa (JiyHKpHH fi(9). 3anacTyio 
npoSjieMa noncxa HejiiiHeiiHoil MHK-opeHKii cBH 3 aHa c HajinnueM Sojibihoto nucjia 
JIOKajIBHBIX MIIHHMyMOB y MHHHMH3HpyeMOH cjiyHKIpTIT, a nOTOMy IipH HeypanHOM BBI- 
6 ope HanajiBHoro npnSjiiDKeHHH napaMeTpa HTepapnoHHBie npopepypBi oSHapyxcHBa- 
IOT JIHmB JIOKajIBHBIH MHHHMyM, SjIHOKailHIHH K 3TOII CTapTOBOH TOHKe. YKa3aHHBIH 
(JiaKT cyipecTBeHHo 3aTpypHHeT 3apany rjioSajiBHoii MHHHMH3apnH (noppoSHee o bo- 
npoeax npnSjiiDKeHHoro noncKa HejiHHeHHoii MHK-opeHKii h B03HHKaioipHx npn stom 
T pypHOCTsx cm., HanpnMep, 0 , 0 . 0 , e®. 

Hajiunne HexoTopoii pocTaTonHo xopomeii npepBapHTejiBHoil opeHKii 0* no3BojiH- 
eT, iicnojiB3yn opHomaroBBie npopepypBi, otbickhtb b hbhom Biipe acHMnTOTimecKH 
onTHMajiBHyio opeHKy napaMeTpa 6 h H36eiKaTB yxa3aHHBie BBirne BBinucjiHTejiBHBie 
npoSjieMBi noncKa HejiiiHeiiHoil MHK-opeHKii. 

Ha npiiMepe stoh 3apann npoHjunocTpiipyeM eipe pa3 npen, H3Jio>KeHHBie bo BBe- 
peHHH. C opHoii CTopoHBi, opHomaroBaH M-opeHKa 0**, onpepejieHHan b ([2]) h npnSjiH- 
xcaioipaH cocTOHTejiBHoe pemeHiie 9 n ypaBHemiH (1331) . npiiMeT cjiepyroipini Blip: 

n n 

0" = K + Ew - MOnMK) / E [(/;(»;)) 2 - (A. - fiKM'K)]. (35) 

2=1 2=1 


rtpii BbinojiHeHHH HeKOToptix ycjioBHH 3Ta opHomaroBaa M-opeHica 0Ka3BiBaeTca acHMn- 
TOTHHeCKH HOpMajIBHOH C aCHMITTOTHHeCKOH pHCnepCHeft H3 (1551) (CM.|10) HJIH CJiep- 
CTBHe □) . 

C ppyroii ctopohbi, b cnjiy cnepHcJmKH ypaBHemia (1331) . c pejiBio ynpocTHTB op- 
HomaroByio opeHKy h ocjiaSHTB ycaoBiia Ha rjiapKOCTB fi{9 ), BMecTO noncKa pememiH 
h hx npH6jiH>KeHHH pjia ypaBHemia (1551) . pa3yMHo paccMaTpHBaTB B3BemeHHBie M- 
opeHKH, onpepenaeMBie ypaBHeHHeM 

n 

^hiie^MifcXi) = 0 n P H hiit) = flit) H Mi(t,Xi) = X* - f t (t). (36) 

2=1 

B 3tom cjiynae npn HeKOTopnix ponojiHHTejiBHBix orpaHHHemiax opHomarcBaa B3Be- 
meHHaa M-opeHKa 

n n 

o~ M ,h = K + E< x '" MKMK) / E W 1 (O 2 ( 37 ) 

2=1 2=1 

OKa3BIBaeTCH aCHMnTOTHHeCKH HOpMajIBHOH C ac IT MnTOT IT HecKOH flHCnepcnefl H3 (CUD 
(nOflHepKHeM, HTO pjia (JiyHKpHH M t (t, X,;) H3 (1551) (J)yHKH;HH hi(t) H3 (156]) eCTB OnTH- 
MajiBHBie (J)yHKpHH h°(t), onpepejieHHBie b npepjioKeHHii [3]) . Ecjih npn nccjiepoBaHHH 
CBOHCTB OpeHKH 9f* Mh H3 (1571) B0Cn0JIB30BaTBCH TeOpeMOH [I] TO OTHOCHTejIBHO TJiap- 
KOCTH (J)yHKH;HH fjft) pOCTaTOHHO TpeSoBaTB, HTo6bI (J)yHKH;HH flit) yn,OBJieTBOpHJIH 
jihhib ycjioBHio rejibpepa. IIohhtho, hto npn nccjiepoBaHHH opeHKH 9 ** TpeSoBaHHa 
Ha rjiapKOCTB cjiyHKpHH /j(t) 0Ka3biBai0TCH cHjiBHee (cm. onpepejieHHe (1551) h cjiep- 
cTBiieU])- TaKHM o6pa30M, opHomaroBbie opeHKH 9** h onpepejieHHBie b (1551) h 

(1571) . aCHMnTOTHHeCKH HMeiOT OpHy H Ty JKe TOHHOCTB, npii 3TOM O^HOHiarOBaa B3Be- 
meHHaa M- opeHKa npoipe h HBjiaeTca aCHMnTOTHHeCKH HopMajibHoft npn MeHbmnx 
yCJIOBHHX Ha rjiapKOCTB cjiyHKpHH fi(t). 

Otmctiim erpe, hto ecjin HaSjuopeHHa {Xj} hmciot HopMajiBHBie pacnpepejiemia, to 
HH c^opMapua Onmepa Ii(9), cooTBeTCTByroipaa HaGjiiopeHHio Xf, ecTB h{9) = ( fl(9 ))~/& 2 
T.e. b stom cjiynae acHMnToTHHecKaa pucnepcHa HejiimeiiHOH MHK-opeHKii h opHorna- 
tobbix opeHOK #** h 9** Mh , onpepejieHHbix b (1551) h (1561) . oSparao nponoppuoHajiBHa 
cyMMapHoil HH(}x.)pMan,HH <Diimepa, cooTBeTCTByroipeii {Xj} : 

n n 

‘’VEWW) 2 = 1 /E / <m- ( 3g ) 

2=1 2=1 

IIpHHHMaa bo BHHMaHHe o6c6ipeHiie HepaBeHCTBa Pao-KpaMepa Ha cjiynaii neopno- 
popHBix HaSjuopeHHH (cm., HanpiiMep, CD , MOJKHO epejiaTB BBIBOp O TOHHOCTII COOT- 
BeTCTByiOipHX CTaTHCTHK. 

3aMeuaHue 6. HeTpynpo BHpeTB, hto cKa3aHHoe BBime oneBHpHBiM o6pa30M 
nepeHOCHTca h Ha npocTeHiHini cjiynafi reTepocKepacTHHecKofi perpeccuii, Korpa 

Vi E £i = 0, = a 2 /u>i, rpe nncjia {wy} — H3BecTHBi. (39) 

JfjIR 3TOTO pOCTaTOHHO HpaByiO H JieByiO HaCTB ypaBHeHHH (1521) pOMHOvKHTB Ha yTty, 
hto cbopht 3apany k paccMOTpeHHOH BBime MopejiH roMocKepacTHHecKofl HejiHHeilHOH 


perpecciiii. B HacTHocra, b irjji-iBepeiTiiiax BBime paccynygeHHHx iiy>Kiio BMecTo MHK- 

~ n 9 

opeHKH paccMaTpHBaTB CTaTHCTHKy 9 n = arg ruin Y w l (X t — fi(9)) (nacTo Ha3BiBa- 

® i =1 

eMyio B3BemeHHofi MIIK-opeiiKOH). B npeflnojioaceHHH (1391) fljia o/piomaroBOH B3Be- 
meHHoil M-opeHKH #**m h c onTiiMajibHoft aciiMiTToTHHecKon gpicnepcHeH I n ^°/ h° 
cnpaBeflJiHBbi npepcTaBjieHHs: 


/)** 

U n,M,h 


0 * + 


n 


Y Wi(Xi 


m))m 


n 9 

Y W i{f'i( d *n)) 


2=1 


(40) 


3aMeuanue 7. npepnojiooKUM, hto BBinojiHeHo (j32j) h 

Vi Ee* = 0, E Si = erf j rpe 3HaHeHHH {cr^} — He H3BecTHBi. 


B 3tom cjiynae ripn M t (6, X t ) = X t — fi(0) onTHMajibHBie BecoBBie c^yHKipiH h°(9 ), 
onpeflejiaeMbie c tohhoctbio po KOHCTaHTBi paBeHCTBOM 

K(9) = EM i {9,X i )/EMf(9,X i ) 

(cm. npefljio>KeHHe E}, ecTB h°(9 ) = fi(9)/af, T.e. onTHMajibHBie (JjyHKipiH h°(9 ) He 

H3BeCTHBI. 

PerpeccHOHHBie (Jovitkipth /(-,-) b npHMepax |T] h [2] b3htbi H3 MonorpacJmiT (4| h 
pa6oT [6], |19| . IIo/piepKneM, hto b (4| sth Mopejin ripHBepeHBi b KanecTBe npuMepoB, 
Korpa BBiHHCJieHHe MHK-ohphkh 3aTpyn,HeHo no TeM hjih hhbimh npHHHHaM. 

IIpHMep 1. IlycTB perpeccHOHHaH Mopejib sapaexcH cooTHomeHHHMH: 

Xi= \/l + ciiO + £j, E^j = 0, D^j = cr 2 /wi, i = l,...,n, 

rpe HHCJia {a, > 0} h {?/;, > 0} H3BecTHBi. B [T9] b KanecTBe ajiBTepHaTHBBi gpra 
onTHMajiBHOH MHK-opeHKH npepjionceHo (b cjiynae w % = 1) gpiH napaMeTpa 6 > 0 
HCnOJIB30BaTB CTaTHCTHKy 


e* n = ^2 c i x 'i I ^2 CiCLh rfle ^2 Ci = °- ( 4i ) 

2 = 1 2=1 2=1 

B [T9] ^OKa3aHa acHMnTOTHHecKan HopMajibHocTB 9* n c acuMnTOTHHecKOH pHcnepcHefi: 

n / / n s 2 

E c ? DA ?/ E^i h ycTaHOBjieHo, hto hh npn KaKOM BBiSope KOHCTaHT {q} 3Ta 
i=l ' ' i=l ' 

BejiHHHHa He ccBnapaeT c acHMnTOTHHecKoii pHcnepciiefi MHK-ohphkh. 

Hcnojib3yH ognoiiiaroByio opeiiKy (1371) . tohhoctb opeiuiBaiinH 113 |19] mojkct 6bitb 
yjiyHHieHa (cm. (J)opMyjiBi (1431) h (1441) npn Wi = 1). Bojiee toto, opeHKy (ITT!) mojkho 
o6o6 ttt htb Ha reTepocKeflacTHHecKHH cjiynafl (J89l) . nojiaraa 

n n n n 

&n = '22 C i W i( X i - !)/ ^2 CiWi<Xi i r ^ e ^2 Ci = °> ^2 CiWi(li ^ ( 42 ) 

2=1 2=1 2=1 2=1 




Hto6bi npii cooTBeTCTByiomiix orpaHHHeHiisix ,n;oKa3aTB acHMiiTOTHHecKyio HopMajiB- 
HOCTB 9* n H3 f|42|) . Hy>KHO C OHeBHflHBIMH H3MeH6HH5IMH nOBTOpHTB flOKa3aTejIBCTBO 

aHajiorHHHoro yTBepjK^eHHa H3 | 19 ] . no^nepKHeM, hto opeHKa (1421) . kbk h (J4TJ) , acHMn- 

TOTHHeCKH HOpMajIBHa, HO He OnTHMajIBHa. AcHMnTOTHHeCKH OnTHMajIBHaH OpeHKa H3 
(l40l) c acHMnTOTHHecKOH ^HcnepcneH B3BemeHHOH MHK-opeiTKH 

n n 

4 , h°/Jl, h o = a 2 / = 4a 2 / Wia 2 (1 + Odi ) _1 (43) 

2=1 2 — 1 

npHMeT 3^,ecb cjie^yKmjHii bh^: 

n n 

On M ,K -«S + 2E (A'i/v/TT^fl* - 1 )«xk/2w ( o?(1 + afiX 1 . ( 44 ) 

2 — 1 2=1 

B KanecTBe npe^BapHTejiBHOH opeHKH mojkho HcnojiB30BaTB opeHKy H3 (142 p . □ 

3.2. C tohkh 3peHHH HpHjiojKeHHH Ba>Knyio pojiB nrpaioT reTepocKe^acTHHecKHe 
perpeccHOHHBie Moye.™, b kotopbix ^ncnepcHH naGnioyeiTHH '«ibptc:>tt He tojibko ot 
HOM epa Ha6jnofleHHH, ho h ot ochobhoto HeH3BecTHoro napaMeTpa. B otom jjasyene 
cHHTaeM, hto napaMeTp 9 HyntHo opeHHTB no HaSjnofleHHHM X\,...,X n , hmcioh^hm 
cTpyKTypy (l32j) . npii otom Ha nocjie^oBaTejiBHocTB norpeniHocTeil {et} HaKjia^BiBaeTcn 
orpamiHemie 

E £i = 0, D Ei = a 2 /wi(9), i = l,...,n, (45) 

r,n;e {wi(-)} — H3BecTHBie c])yHKH;HH. 

Ha nepBBiH B3rji3fl, no aHajiorHH c saMenaHneM |6l b paccMaTpnBaeMOH cHTyaipni 
Gbijio 6bi ecTecTBeHHo TaKnce HcnojiB30BaTB opeiTKH B3BemeHHoro MHK. TeM He Me- 
Hee, MeTOfl HaHMeHBHinx KBa^paTOB c bccobbimh KO^cJxJnnpieHTaMH He oSecneniiBaeT 
3fleCB HyjKHOH TOHHOCTH. ^ejIO B TOM, HTO OnTHMajIBHBie Beca MeTOfla HaHMeHBHIHX 
KBa^paTOB ^ojijkhbi b flaHHofi cHTyaipni 3aBHceTB ot napaMeTpa, ho ecjin Beca, onpe- 
fleji5Hom;He opeHKy B3BemeHHoro MHK, 3aBHCHT ot 6, to Tanan opeHKa b o6in;eM cjiynae 
OKa3BiBaeTCH HecocTonTejiBHofi (cm., HanpHMep, (20], [28] ). 

O^hh H3 no^xoflOB opeHHBaHHH napaMeTpa 9 b flaHHOH cnryaipni coctoht b ncnojiB- 
30BaHHH M -opeHKH 9 n , onpeflejiaeMOH Tan Ha3BiBaeMBiM ypaBHeHHeM k ea3u-npaedono- 
do6un (cm., HanpHMep, [28]): 


n 

5>(f)//(f)(* ~fi{t))= 0. (46) 

2=1 

M-opeHKa 9 n HBjiaeTcn HaHjiynmefl ohphkoh b Kjiacce cththcthk, hbjihiohihxch peme- 

n 

HHeM (no t ) ypaBHeHHH BH,n;a ^ hi(t)(Xi — fi(t)) = 0 (cm., HanpHMep, [28], a Taione 

2=1 

npefljioHceHHe [3]) . Ctoht otmcthtb, hto M -opeHKa 9 n , onpe^ejiHeMan ypaBHemieM (1461) . 
He HBjiHeTCH MHK-opeHKOH (b cjiynae, Kor^a (^ymcpnn Wi(t) He hoctohhhbi). 

nOHCK OpeHKH KBa3H-npaB^;onO^;o6HH CBS3aH CO BCeMH TeMH BBIHHCJIHTejIBHBIMH 
npoSjieMaMH, KOTopnie 3aTparHBajiHCB BBime b pa3flejie 3.1. B3BemeHHyio M -opeHKy 



9 n , acHMnTOTHHecKH HMeioipyio tohhoctb opeHKH KBa3H-npaBponopo6HH, ecTecTBeHHo 
onpepejiHTB k&k pememie ypaBHemiH 

n 

'£h i {<r n )M i (t,X i ) = 0 npn hi(t) = Wi(t)f'(t) h Mi(t,Xi) = Xi-fi(t). (47) 

2=1 

O^HomaroBaa B3BemeHHaH M -opeHKa #,** M /, H3 03 npuMeT cjie^yioiijHH bh#: 

n n 

On M ,k =«;+E *M«y/K«a(x* - mk ))/E («) 

Z =1 Z =1 

n P H 3 tom b cHJiy npepjioaceHHH [3] cjjyHKpiiH h t (•) H3 (T47l) ecTB onTHMajiBHBie cjjyHKpiiH 
h°(-) pjis Mi(-,Xi) H3 (07]), a acHMnTOTHnecKaa pucnepcHH I n ^°/Jn,h° opeHKH KBa3ii- 
npaBponopoSHH (1461) h opeHOK 9 n , 9** Mh H3 (071) h (081) . onpepejiaeTCH cooTHomemieM 

n 

w j n, h ° = o*/'£w i mm 2 - ( 49 ) 

2=1 

TeM caMBiM, pocTHrayra Ta ace tohhoctb (cm. (l40ll ). xax h b cjiynae, Korpa Beca Wi = 
Wi(9) Sbijih H3BecTHBi h He 3aBHcejiH ot 6 (cm. TaiQKe 3aMenaHHe [9]) . 

3aMeuanue 8. Ctoht oTMeTHTB, hto B3BemeHHaH M- opeHKa, HMeroipan acHMn- 
TOTHHecKyro pHcnepcnio ( 14 9 h . MoixeT 6 bitb onpepejieHa h KaK pemeHiie cjiepyioipero 
o6o6ipeHHH ypaBHemiH (1471) : 

n 

^ 2 hi( 9 *)Mi(t,Xi) = 0, rpe h^t) = (t)^" 1 ^), Mi(t,Xi) = 9 i(t)(Xi - fi{t))( 50) 

2=1 

pjIH HeKOTOpBIX (J)yHKpHH ^j(-) (pa3yMeeTCH, hi(t) = h°(t ) pjIH (JiyHKpHH Mi(t,Xi ) 

H3 ([50]) ) ■ YpaHHBIH B TOM HJIH IIHOM CMBICJie BBl6op (JiyHKpHH ( p ^ t ) 3aBHCHT OT Cne- 
Hitc})hkit r^yHKipTH Wi ( t ) h a ypaBHeHHe (1701) HHorpa MonceT 6bitb npepnoHTH- 

TejiBHee, HexcejiH ypaBHemie (SB (cm. npHMep ED- ,U,ajiee, opHomaroBBie B3BemeHHBie 
M -OpeHKH MOJKHO CTpOHTB HCXOflS y>Ke H3 ypaBHeHHH (1471) . TaKIIM o6pa30M, 3a CHeT 
BBlSopa cJiyHKpHH g t (•) MO>KHO npepjIOJKHTB MHOJKeCTBO pa3JIHHHBIX HBHBIX OpeHOK, 
SKBHBajieHTHBIX B CMBICJie aCHMnTOTHHeCKOH TOHHOCTH. KpOMe TOTO, B |10] npepjIO- 
>KeHBi HeKOTopBie ppyme opHomaroBBie opeHKH (Tax Ha3BiBaeMBie opeHKH cxopiiHra), 
KOTopBie MoryT Taxace onpepejisiTBcsi He opH03HaHHo h KOTopnie TaxjKe sKBHBajieHTHBi 
npepjioxceHHBiM 3pecB opHomaroBBiM B3BemeHHBiM M-opeHKaM b CMBICJie aciiMnTOTH- 
HeCKOH TOHHOCTH. □ 

3 aMenaHue 9. MeTop KBa3ii-npaBponopo6HH He TpeSyeT nojiHOH xapaKTepH3apim 
pacnpepejreHHH: pocTaTOHHo jihhib 3HaHHe nepBBix pByx momchtob HaSjiiopeHHH {Xi} 
(xaK (JjyHKipiH ot HeH3BecTHBix napaMeTpoB). B cjiynae ace nopMMJibno pacnpedejien - 
hux HaSjnopeHiiH opHomaroBBie npiiSjuiHceHiiH npn BBinojiHemm (051) pa3yMHo Haxo- 
PHTB pjis opeHKH MaKCHMajIBHOTO npaBpOnOpoGlIH, KOTOpaH OKa3BIBaeTCH HeCKOJIBKO 
TOHHee, HeacejiH opeHKa KBa3H-npaBponopo6HH (cm. my □ 


IIpuMep 2. IlycTb HaSjno^emm X, hmctot cjie^yiomyio CTpyKTypy: 


Xi = + big(6 ) + e*, Ee* = 0, D Si = a 2 /wi(9 ), i = 1,..., n, (51) 

yye { a, } h { b ,} — H3BecTHbie HHCJioBBie nocjieflOBaTejiBHocTii. B [6] b KanecTBe ajiBTep- 

n I n 

HaTIiBBI Tpy^HO BBIHHCJIHMOH MHK-OUpHKH nOCTpoeHa CTaTHCTHKa 6 * — CiXi / Y2 Ciai, 


i =1 


2=1 


r^e HHCJia {c*} TaKOBBi, hto ^ Cj&j = 0 h ^ Qai ^ 0. B [H] ^OKa3aHo, hto npn HeKOTo- 

2=1 i=l 

pBIX ^OnOJIHHTejIBHBIX OTpaHHHeHHHX OpeHKa (9* HBJIHeTCH aCHMIITOTHHeCKH HOpMajIB- 

n / / n \ 2 

hoh c acHMiiTOTHHecKOH ^HcnepcneH a 2 ^ c 2 w^ 1 (9) / ( ^ ctai) . 

%=1 ' M=1 ' 

Hcnojib3ya oScyxc^aeMBiH 3,n;ecB noflxofl tohhoctb opeHHBaHHH H3 [H] mookho yjiyn- 
TTT MTTi. ripn 3TOM CTaTHCTHKa 9* H3 [H] MOOKeT 6bITB HCn0JIB30BaHa b KanecTBe npe^BapH- 
TejiBHOH opeiTKH fljiH nocTpoeHHH o^HomaroBBix oiiynoK. B nacTHocTH, oyiTomaroBa>T 

B3BemeHHaH M -opeHKa 9 ny M,h H3 (1481) onpe^ejiHeTCH paBeHCTBOM 


/I** _ Q* | 

u n,M,h ~ v n 


E - M#n)) (a* + big'(9*)) 


2=1 


E^i( 0 n)(ai + M'(#n))‘ 


2=1 


a acHMiiTOTHHecKan ^Hcriepctra stoh opemtu, coBna^aioiijaH c acHMnTOTHHecKOH ^hc- 
nepcneH b HeKOTopoM cMBicjie onTHMajiBHofi opeHKH KBa3H-npaB,n;ono,ii;o6HH, ecTB I n ^o/J% h° 

a 2 / ^ Wi{6 ) (aj + &j</(0)) . HeTpy^Ho bh^ctb, hto hh npn KaKOM BBiSope KOHCTaHT {c*} 

2=1 

flJIS OpeHKH 9 * H3 [H] He MOJKeT 6BITB flOCTHTHyTa 3Ta TOHHOCTB. □ 

IIpuMep 3. PaccMOTpHM o^HOMepHyio reTepocKeyacTH T iecK\To Mo^ejib MnxasjiHca- 
MeHTeH, nrpaiomyio Baxoiyio pojiB b Ghoxhmhh (cm., HanpHMep, [ig, PS]). B 3TOM 
cjiynae Ha6jno,n,eHHH {A"*} HMeioT cjie^yiomyio CTpyKTypy: 

Xi = aij (1 + bid) + e h E Ei = 0, D Ei = a 2 / Wi(9), i = 1,.. ., n, (52) 


rfle {a* > 0} h {bi > 0} — H3BecTHBie HHCJioBBie nocjieflOBaTejiBHocTH. CorjiacHo (148 p . 
HBHyiO aCHMnTOTH T TeCKIT HOpMajIBHyiO OpeHKy d** M h C MHHHMajIBHOH aCHMnTOTHHeCKOH 

fliicnepcHefl I n ^° / J 2 h° mohcho onpe^ejuiTB cooTHomeHHHMH : 


/I** 

U n,M,h 


_ a, \ Wj(9*)aibi 

l + bj9* n ) (1 + M;) 2 

h (i + w 4 


In,h° 

I 2 

d n,h° 


- -• (53) 

f)TOi(9)a?6,V(l + kg)* 


B KanecTBe opeHKH 9* n b ([53]) mojkho Hcnojib30BaTB cjie^yiomyio cTaTHCTHKy (acHMnTo- 
THHeCKH HOpMajIBHyiO npn HIHpOKHX OTpaHHHeHHHx), nOCTpoeHHyiO H HCCJieflOBaHHyiO 

B M- 

n n 

9* n = ^2 C *( ai _ Xi )/ C ih X i’ 

2=1 2=1 


(54) 









rpe {c,} — HexoTopBie micaa. Tot (Jkikt. t ito acHMnTOTHaecxaa piicnepcna opeHxn 

9* n H3 (1541) . paBHaa 1 + fe ? ;6 , ) 2 De i / ( + fe,;#) -1 ] , ripn aio6oM BBiSope 

i=l 'mi ' 

KOHCTaHT {cj} SoaBine, aeM onTHMaaBHaa acHMnTOTHaecxaa pncnepcna H3 (153|) . ycTa- 
HOBaeH b m 

Otmcthm eipe, hto b [14] paa Mopean (1521) nocTpoeHa caepyioipaa aBHaa acuMiiTo- 
TiiaecKH HopMaaBHaa c acHMnTOTHaecxoH pHcnepcneH I n .h° / h° H3 opeHxa: 



(55) 


B cnjiy npHBepeHHoro TooxpecTBa cTaTHCTHxa 0** oTjinaaeTca ot opHomaroBOH B3Be- 
meHHoli M-opeHXH 9** M h H3 (1531) 3HaMeHaTejieM BBiHHTaeMOH ppoSn. 

Ho Kax coraacyeTca CTaTHCTHxa #** H3 (T55l) c MeTopoaorHefi paHHoii paSoTBi? Oxa- 
3BiBaeTca, 0** aBaaeTca ophoh H3 opeHox, npepaaraeMBix b paHHOH cTaTBe. CTaTH¬ 
CTHxa 9** ecTB B3BemeHHaa M-opeHxa 9 n , aBaaioipaa pemeHHeM ypaBHeHHa (1501) npa 
gi(t ) = 1 + bit: npa Tax onpepeaeHHBix c^yHxpaax gi(t) ypaBHemie (1501) aBHO pa3pema- 
eTca oTHocHTeaBHo t\ Boaee toto, 9 ** ecTB eipe h opHomaroBaa B3BemeHHaa M-opeHxa, 
nocTpoeHHaa no yxa3aHHOMy ypaBHemno. Otmcthm eipe, hto b [14] npn nocTpoeHnn 
yaynineHHBix opeHox He ncnoaB30BaaacB hh Teopna M-opeHHBamia, hh iipea npiiSaH- 
oxeHHoro noncxa Af-openox h hx MopHcJaixapini h mctop IIijioTona. HcnoaB30BaaiicB 
jihihb HexoTopnie sBpiicTHHecxiie cooSpaoxemia, cBa3aHHBie co cnepnajiBHBiM bhpom 
perpeccHOHHOH (})\ttkiihh f t (9) H3 (|52j) . Ho oth cooSpaoxeHHa He riosBoaaioT otbicxhtb, 
HanpHMep, aBHBie acHMnTOTHaecxH onTHMaaBHBie opeHxn b 3apaaax H3 npHMepoB |T] 
h El hjih HafiTH aBHBie opeHxn, sxBHBaaeHTHBie opeHxe MaxcHMaaBHoro npaBponopo- 
6na. npepaaraeMBifi 3pecB nopxop, b tom aiicne b 3aMeaaHHax [8] h [9] He opneHTiipo- 
BaH Ha cnepnaaBHoe npepcTaBaemie perpeccHOHHOH c|)yHxpHH h, xax caepcTBHe, 6oaee 
yHHBepcaaeH. □ 

,U,OCTaTOHHBie yCaOBHH aCHMnTOTHHeCXOH HOpMaaBHOCTH opHomaroBBix B3BeHieH- 
hbix M-opeHox, yxa3aHHBix b stom naparpacj)e, HeTpypHo noayaHTB H3 TeopeMBi [T] 
nosTOMy Bee TOHHBie ycaoBHa mbi 3pecB onycxaeM. 

4 ^OKaoaTejibCTBa 

4.1. /Jaa BBiBopa TeopeM Q] it E] HaM noTpeSyeTca HecxoaBxo BcnoMoraTeaBHBix 
o6o3HaaeHHH h yTBepoxpeHHH. 
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ITojtojkhm u* n = 6* n — 9 , Pni u ) '■= Y< hi(6) (M-(9 + u, X { ) — M-(9, A 7 *)), 

2=1 
n 

Pniu) ^ h i(9)i M i(9 + u, Xi) — Mi(9, A",) — uM-(9 )), 
2=1 
n 

pf'*(“) := A (*K* + “) - MO («J(* + A'() - M'(0, A',)), 

2=1 
n 

J% h (u) ■■= Y + u ) - HO)) {M t (9 + U, X ,) - Mi{0, X,) - ttM'(0)), 
2=1 

n 

P» ■= A (M» + “) - KW)M[(0, X,). 
2=1 

HaM xatoKe noTpeSyioTca oGoanaMeinia 

n n 

7»W := A M8)\t,(6,X,), 7 JW := f'^V.RAi) 

2=1 2=1 


n n 

h cooTHomeHHs E7„(<5) = X] |(^)l^r 7 *(<5) h Ey^fA) = S p Y 1 hifi{S) ripii 6 > 0. 

i= 1 i=l 

JleMMa 1. IJycmb a n {-) : [0, oo) —> [0, oo) - MOHomonuo Hey6ueaH)w ) uu CAyuaunuu 
npoyecc, /3 n (-) = Ea n (-) u fi n (v n ) A 0 d/ui neKomopou CAyuaunou eejiuHunu rj n > 0. 
Tbada cy n (rj n ) A 0. 

,H,oKa3aTejibCTBo jieMMBi |Tj npHBe,n;eHo b [TO]. 

JleMMa 2. Tlycmb eunoAneno npednoAootcenue (R). Tosda 


Pn«)/Jn,H 4 0, <pf (0/07 4 0, 


—M ( * 
Pn (U r 


)/V^ 


n.ft ^ 0. 


/],OKa3aTejibCTBo. 3aMeTHM npeoK^e Bcero, hto npii BBinojiHemiii (i?) 


n n 

U n\Y\ hi i0)\H\ U n\)/VHh^ 0 H 5Zl^(^)l^i(KI)/^n,/»-^0- ( 56 ) 

2=1 2=1 


^eftcTBHTejibHO, nepBaa cxo^hmoctb b (J56]) cjieyyeT H3 (1T5|) . KpoMe Toro, c yneTOM 
3Tofi cxoflHMOCTH fljia jno6oro £ > 0 


p^NW >5| = 
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J, 


n,h | 


p/y^ lW)fr(l<l) > e> 


I J, 


n,h | 
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J, 


n,/i | 


P / ^ | hj (9) 1 Tj (|*bt^ |) > ^ 
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n,h\ 


2=1 
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n,h | 
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n,/i 


<i < i) <p(ki A 


\J In,h 

\H e )\H\ u n\) 


<I>1) + 


2=1 


p (^ Mn(KI) >ei K|< 


In,h 

V 1 In,h 


> e) + 


i =1 


J, 


n,h | 


IJ, 


n,h 


->■ 0. 


(57) 
















ITpil BBIBOfle CXOflHMOCTH B (1571) MBI TBKJKe yHJIH, HTO B CHJiy MOHOTOHHOCTH (JiyHKpHH 

n 

Y \hi(6)Ti(-)/\Jn,h\ H yCJIOBHH (R3) H (.R4) HaHIIHaH C HeKOTOpBIX n B npaBOH T iaCTH 
i=1 

(1571) nop 3HaKOM BeposiTHocTii — HeB03Mo>KHoe coSBiTHe. ,H,ajiee, b CHJiy (/?, 2 ) 


Miip + 5, X t ) - Mi(9, Xi) - 5M'(9, Xi) = 5 J (M'(9 + vS, X t ) - M[(9, X t ))dv, 

0 

1 

a noTOMy p^(u) = u J (uv)dv h cnpaBepjiHBBi opemcii 

0 

\p™{v)\ ^ 7 n(M) i (58) 

I Jn,h | I Jn,h \ \JI n ,h \JIn,h \JI n ,h \JIn,h 

YTBepjKpeHHH jieMMBi cjiepyioT TenepB H3 jieMMBi [Tj npn r/ n = |w*|, ecjin nojioxoiTB 
«n(M) = 'fn(\u\)/\Jn,h\ HJIH a n (M) = |w|7n(|w|)/-\/W H yneCTB CXOpHMOCTH (J56|). □. 

JleMMa 3. Ecnu eunoAHenu ycAoeuA (R), mo 


pTK 


J, 


4o, 


<Pn h {< 


n,h 


\J In,h 


4o, 


~pTK 

\J In,h 


4o, 


P k n« 


J, 


4 0 . 


n,/i 


,HoKa3aT6jiBCTBO nepBBix Tpex cooTHomeHHii aHajioniHHO BBiBopy yTBep- 
Hcpem-ift jieMMBi [21 no3TOMy noppoSHBie paccyHcpeHiui mbi onycxaeM. B ciuiy (R 2 ) 


WMI/I-M < K£*tl*f(*.*)l/Kal. (59) 

i =1 


TeM caMBiM nocjiepHee yTBepxcpeHne jieMMBi cjiepyeT H3 (1151) 11 jieMMBi[[|npH rj n = \u * n |, 
ecjiH b xanecTBe a n (\u\) paccMaTpimaTB upaByio nacTB b (1551) . □ 

flOKa3aTeiBCTBO TeOpeMBI HI IIoCKOJIBKy B CHJiy (1551) C BepOHTHOCTBIO, 

n 

cTpeMaipeflcH k 1 BejinniiHa Y \hi(9)\r l (\9^ — Q\)/\Jn,h\ KOHenHa, to P(0* e 0) —> 1. 

2=1 

CjiepoBaTejiBHo, corjiacHo ycjioBino (i? 2 ), c BeponTHocTBio, cTpeMHipeficH k 1 onpepe- 
jieHBi (JiyHKpHH {hi(92)}, {M t (9*)} h {M{(9*)}, ynacTByioipHe b npepcTaBjieHHH (1171) 
pjiH opeHKii 9**m h - B cnjiy o6o3HaHeHHH b Hanajie pa3pejia 4.1, cnpaBepjiHBo paBeHCTBo 

n n 

Y h i(°n) M i(°ni X i) = E h i( 6 ) M ’i (#, X i) + Pn ( U n) +Pn ‘*«) + Pn( U n) , & HOTOMy, C yne- 

2=1 2=1 

TOM JieMM El (3 ]h ycjiOBHH (R 3 ), BBinojiHeHo p( E hi(92)M-(92 Xi) 2 o') —* 1. TaxiiM 

4=1 ' 

o6pa30M, corjiacHo onpepejieHino (1171) . cTaracTHKa 9*2 m h onpepejieHa c BeponTHocTBio, 
cTpeMHipeficH k 1. ,H,ajiee, H3 onpepejieHHH (1171) HMeeM 


/)** 

U n,M,h 


- 9 


n 


Zh,(K)M,(K,x,)-w;, 


n 


9)YH9* n )M[(9* n ,X l ) 


n 


T.h,(8l)M'(e- n ,X,) 


( 60 ) 




















HcnojiE.3ya npeflCTaBjieHiie (1611 h oSosHaaemiii, BBe/jemiBie nepefl jieMMOH[TJ nojiyaaeM 
cjie^yioin;ee TOJK^ecTBo: '/r— {9** M h ~ ®) = 




n,h 


E A') - <p"K) + pf (<) - <*>“(<) + Wn h (K))/^L7, + S, 


2=1 


5 h 


it 

E hi(0)M'(9, Xi)/J n , h + (p*f(u*) + P r«) + Pn(<))/J n ,h 

2=1 


.(61) 


Hto6bi TenepB H3 To>K;iecTBa m HSBJieHB aCHMIITOTHHeCKyiO HOpMajIBHOCTB (USD 
OpeHKH 0** M tv OCTaeTCH B0CII0JIb30BaTBC5I yTBepJK^eHHaMH JieMM [2l [3] H yCJIOBHSMH 

m h (hid’. ’ □ 

JleMMa 4. IJycmb eunoAnenu ycAoeun meopeMu[ 2} Tozda 


C := ((E^O.OMtO,*.**)) 17 ’ - (]Tk 2 (0)M?(f),X,)) 1/2 )/V/E 4 0 


1/2 


2=1 


2=1 


floKa3aTejiBCTBo. IIojiojkhm «** := 9** Mh — 9 h ycjioBHMca y <J>yHKn;HH 
onycxaTB BTopofi apryMeHT. HaM noTpeSyioTca cooTHomemis 

^.<7/^ = o P (i), <*4 0, 7n(|<*|)/4, h 4o, 7n(K*l)/^4o. (62) 

IlepBoe H3 3 thx cooTHoineHHH cjieflyeT 113 TeopeMBi [IJ BTopoe — H3 ycjioBna (i?, 3 ) h 
nepBoro cooTHoinemra. OerajiBHBie - 113 jieMMbi [T| npn r) n = \u**\ 11 «„(•) = 7n(-)/|4,/i| 
hjih a n (-) = 7n(‘)/l4,h|) ecjiH tojibko eipe ynecTB ycjioBiie (i? 4 )- ^ajiee, HMeeM 

22 1 /2 

<(E-*wmw)*) '-«+<£+( 63 ) 

l2 \V 2 


2=1 


y;- swww- mw) 

2=1 

n 1/2 
<5 : = (E (^(yy,-.) - ft.w)*(M(«K«/*) - mw) 

/ 72 \ 1/2 
*5 - (E HCma) - K(e)) 2 Mm 


2=1 


2=1 


OpeHHM oTflejiBHo KaoK/iyio H3 BBe/i;eHHBix BejiHHHH. B ciuiy npe/piojiooKeHHs: (i?2 


r\** 

°n,M,h 

n r, 

C<(EyW( / MW* 

i=l a 
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2 \ 1/2 


n,M,h 


<^(Eyw 

2=1 


\ 2 \ 1/2 

(MW - MOT)*) ) + 


e 


n,M,h 


v / 2(E a . 2 w( / M(«)*)Y /2 <v / 2|<*i(E' i ?w( sup |m;m-m'(»)|) 2 ) 1/2 + 

v i=l “ v j=l *:|t-0|<KTl 

u 

v^K'l (E ft ?OT(MOT) 2 ) 1/2 < v^K*| 7»(K*I) + v^KI (E ft ?OT (MW) 2 ' 1/2 









CjieflOBaTejibHo, HcnojiB3ys cooTHomemiH (1521) ycjioBiie (1271) . nojiynaeM 
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I J, 


n,h\ 


,7n(|<1) 


U n I i t ” + ^4 
,h \/ 1 n,h \ J n,h\ 


4' In,h yfli 


| t | n 
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1/2 


4 o. 


ripoBo^a aHajioniHHBie paccyjK^eHiiH, HMeeM 
I/ . I ~h 


am 

°n2 


< 42- 


y/In,h yj In, 


n,h | i **i7n(l^n I) , /q 
Un I—TT-;-b V4- 
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J, 


n,h\ 


\/1 n,h 
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** 11 -\-p 




2=1 


1/2 


4 o, 


AM 

°ra3 

yj In,h 
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/ , I Uy* 

^n,n11 

\/ I n ,h 


Y. h >m 2 i(Ji p , h ii 


~p' 
n,p , 


1/2 


4 o. 


2—1 


Tpn nocneflHHe cxo/jhmocth, BMecTe c opeHKofi (1521) . 3aBepmaioT flOKa3aTejit>CTBo. □ 
Z(oKa3aTejiicTBo TeopeMBi [2] IIocKOJiBKy P(0* G 0) —> 1 (cm. /i;oKa3a- 
TejIBCTBO TeopeMBi HD H P K*M, h G 0) — > 1 B CHJiy (1621) II (Rs), TO C BepOHTHOCTBIO, 
CTpeMHipeiica k 1 onpe/jejieHBi Bee BejiHHHHBi b npaBofi x iac r ni paBeHCTBa b (1261) . KpoMe 
toto, nocKOJiBKy b cnjiy jieMMBi [4] h ycjiOBHH (1271) 




2=1 


1/2 


Y. h iW M i(Q<Xi 

2=1 


1/2 


4 In,l 


4 In,h 


i cM P. -i 

+ 4 ->■ 1, 


(64) 


to 3HaMeHaTejiB b ripaBofi nacTH paBeHCTBa b (1261) oSpaipaeTca b HyjiB c BeponTHocTBio, 
cTpeMHipeflcH k Hyjno. TaKHM o6pa30M, c yneTOM onpeflejiemis (1261) . cTaTHCTHKa d* M h 
onpe/i;ejieHa c BeponTHocTBio, cTpeMHipeHCH k 1. ,H,ajiee, yHHTBiBaa npe/jcTaBjieHHH (1551) . 

(1511) h o6o3HaHeHH2 H3 (1251) . HMeeM d* lMh (9** Mh — 6) = 


/ n 

(Y,hi{9)Mi{0,X i ) 

v i =1 


</>"«) + />"(<) - KPn h «) + Pn h (K))/V^h + y 

(E *?( W(9, Al)) 1/2 /44 + «" 


Tot cJihkt, hto hhcjimtcjib b npaBoil nacTH stoto npe^cTaBjieHHH no pacnpe/jejieHHio 
cxo/jhtch k cTaHflapTHOMy HopMajiBHOMy 3aKOHy, ycTaHOBjieH npn bbibo/ip TeopeMBi [0 
OTMeneHHan cxo/i,hmoctb BMecTe c (1641) /i;oKa3BiBaeT (1251) . □ 

4.2. /(oKa3aTejiBCTBo npe/yioHceHHH [2] I Iojiohchm 


n* _ T7 n* 

“ni ~ 


9* niJ := E^E^; 


i,j = 1,... ,n, j i- i. 


B ^ajiBHenmeM He e/pmonc/ipT, SojiBine stoto He oroBapHBaa, 6yn,eT HcnojiB30BaH tot 
(JiaKT, HTO BejIHHHHa He 3aBHCHT OT HaSjHO^eHHH X t , a BejIHHHHa 07 - He 3aBHCHT 
em;e h ot Xj. 3aMeTHM npenc^e Bcero, hto npn Bcex j h j 4 cnpaBe/yniBBi opeHKH 

E|c-#r<4E|»;-#| 2 E\<r nl -<r nij \ 2 <E\0:-tr nj \ 2 . (65) 

^eHCTBHTejIBHO, 

e|C - e\‘ < 2E|o; - o| 2 + 2E|o; - e;,| 2 . (66) 



























KpoMe Toro, c yneTOM (J)opMyjit,i nojiHoii BepoHTHOCTH, 


E l n* n* | 1 _ Tpxp | n* tp n*\ z ^ TTTT 1/3* U 

\ U n ~ U ni | - tJ V i | U n ~ ^i U n \ S j V n ~ h 




(67) 


r^e BejiHHHHa He 3aBHCHT ot Xj. B nacTHocTH, nojiaraa /ty,; = 6 , H3 (1661) h (1671) . 
H3BjieKaeM nepBoe yTBepojynpHHe b (1651) . Erpe pa3 Hcnojib3yH (J)opMyjiy nojiHofi Bepo- 
hthocth, nojiynaeM cjie^yiomyio penoHKy cooTHomeHHfi: 


E l /)* /Q* | z _ XT'|tt' /)* rr rr 0 *\ z ^ 17XT' |/)* XT' _ xp| z3* n 

\ U ni ~ °nij\ ~ -k \ U n ~ ^3 U n\ ~ 


nj I 


KOTopaa /y)Ka3biBaeT BTopoe yTBepoK/jeHHe b (1651) . 
HMeeM 


h i=1 


10 10 
E (HK) - hi(e>j)M0, X.) E (MO - Mfl))M(9 ,a,) 


ff = 


2—1 


= + ( 68 ) 


's/ In,h 

B ycjiOBHHx npe^jio^KeHHH y / 7^E|5^ ,il< 




y fciE(K - <a p |M(0, A,)|) < y ft,(EK - O) P/2 (E|M,(0, A,)| 2 ) 1/2 . 
2—1 2 — 1 


Cjie^oBaTejiBHo, c yneTOM ycjioBHH ([25]) . E|5^ x | —* 0, a noTOMy, b cnjiy HepaBeHCTBa 
HeSbimeBa c nepBBiM momchtom, 8 ^i ^ 0. 

IIoKaoKeM, hto 8^ 2 A 0. HaM noTpeSyioTCH cjie^yroirpie opeHKii: 

E((MO - = E(MO - < 

S?E(|C - 9| 2 ) p EM 2 (0, Xi) < 4*'E(K - 9| 2 ) p S 2 EM 2 (9, A,), (69) 
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ITpii BbiBo^e 3Tiix cooTHomeHHil 6 bijih yHTeHBi eiu;e HepaBeHCTBa H3 (1551) . Cjie^oBa- 
TejiBHo, c yneTOM ycjiOBHH (1251) h (1251) 


E|< 2 | 2 = V E((h,(C) - X,))/I nih + 

2—1 
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He:,) - K(e))n»ni) - < 


< 4 p E(|e; - fl| 2 ) p y] AjEM 2 (9,J>f()//»,k + 
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E h ‘( E K - CITE 13 m 2 (0, A' f )) 1/2 /vX^ 


1/2 
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, 2=1 


h /i;oKa3aTejiBCTBo npe/yiozKeHHH 3aBepmeHo. □ 

5oKa3aTejiiCTBo npe/yiozKeHHH [3] CooTiioiTieiTiie (1291) HeTpyn,HO H3BjienB 

n 2 

H3 HepaBeHCTBa Komii-ByHHKOBCKoro. E1 ojio>khm K n := (^°(0)) ■ IIocKOJiBKy no 

2=1 

yCJIOBHHM TeOpeMBI npil KaJKflOM i BejHIHHHBI hi(8) II /l°($) HMeiOT OflHHaKOBblH 3HHK, 

to cnpaBefljiHBbi HepaBeHCTBa (13T1) . B HacTHocra, npn Kanc/^OM i 3HaneHHe hi(6) jtokitt 
MejKfly hh°(6 ) h Hh°{6). 3HanHT rsisl bcjihhhh d,- := (/ij(0) — hh°{8)){hi{6) — Hh°{6 )), 
z = l,...,n, BBinojiHeHo d, < 0. H 3 stoto cjiaKTa c yneTOM o6o3HaneHHH H3 (R 3 ) 
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nojiynaeM, hto I n h — (H + h)J n h + hHK n = djEM?(0,2Q) < 0. A nocKojiBKy 

2=1 

(})Vhkii,hh f(x) := f(x) = x~ l — Hh(H + h)~ x K n x~ 2 flocTHraeT cBoero MaKCHMajiBHoro 
3HaneHHH npn x = 2 Hh(H + h)~ 1 K n , to 
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